We consider configurations of D7-branes and whole and fractional D3-branes with N = 2 supersymmetry. On the supergravity side these have a warp factor, three-form flux and a nonconstant dilaton. We discuss general IIB solutions of this type and then obtain the specific solutions for the D7/D3 system. On the gauge side the D7-branes add matter in the fundamental representation of the D3-brane gauge theory. We find that the gauge and supergravity metrics on moduli space agree. However, in many cases the supergravity curvature is large even when the gauge theory is strongly coupled. In these cases we argue that the useful supergravity dual must be a IIA configuration.
Introduction
The extension of Maldacena's gauge/gravity duality [1] to systems with less supersymmetry and richer matter content is an interesting one, both for understanding more general gauge theories and for application to the local geometries of warped compactifications [2] . A natural extension is to add D7-branes, as these contribute matter fields in the fundamental representation. Thus in this paper we consider N = 2 systems of D7-branes with whole and fractional D3-branes.
Gauge/gravity duality with many D7-branes has received little consideration. As far as we are aware, only ref. [3] directly overlaps our work, with a discussion of D7-branes and whole D3-branes. Ref. [4] allows for a position-dependent dilaton but requires that it be constant on an AdS 5 factor. There has also been substantial discussion of configurations of D7-branes and O7-planes such that the dilaton is everywhere constant, beginning with refs. [5, 3] . The nontrivial dilaton in the present case brings in new features and puzzles.
In section 2 we review some of the special classes of IIB supergravity solution that have played a role in gauge/gravity duality and string compactification, and develop the detailed form of the IIB solutions with holomorphic τ .
In section 3 we find solutions with D7-branes and whole and fractional D3-branes. The solutions are singular at long distance, but we conjecture that this can be thought of as a UV effect that decouples from the gauge dual. In the fractional D3 case the D7-branes are wrapped on the ALE space R 4 /Z 2 . To fix the parameters in the solution we analyze the induced charges on the D7 world-volume.
In section 4 we first determine the spectrum of the dual gauge theory and obtain its one-loop effective action. For D7-branes on R 4 /Z 2 there are two choices of Chan-Paton action, just as for D3-branes on this space; we relate this to the induced D5 charge. We then find the one-loop metric on moduli space and show that it agrees with the action of a probe in the corresponding dual geometry.
In section 5 we analyze the range of validity of the supergravity duals and find an unpleasant surprise: even when the gauge theory is strongly coupled, in many cases the supergravity curvature is large. This occurs, for example, in the simple and interesting case of the conformal theory of SU(N) with 2N hypermultiplets. We argue that the correct supergravity dual is instead a IIA configuration, whose study we leave for future work.
2 Solutions: generalities 2 
.1 Special IIB solutions
Supersymmetric warped solutions of IIB supergravity have recently played an extensive role in gauge/gravity duality and string compactification. The general solution of this type is not known. Early papers [6] obtained very restrictive results by use of the integrated Bianchi identity for the five-form flux. These restrictions need not hold when the transverse dimensions are noncompact, or when appropriate brane sources are included. 1 Much recent work has involved two special cases, which can be characterized by the form of the ten-dimensional supersymmetry spinor ε. This can be decomposed
Here ζ is a four-dimensional chiral spinor, Γ 4 ζ = ζ, and χ 1,2 are six-dimensional chiral spinors, Γ 6 χ i = −χ i . Each independent pair (χ 1 , χ 2 ) gives rise to one D = 4 supersymmetry. The two special cases are then Type A(ndy): χ 2 = e iψ χ 1 , ψ real and constant ;
Type B(ecker):
The behavior of the spinor correlates with that of the complex three-form flux G (3) . In type A solutions G (3) must have a constant phase. In type B solutions it must be imaginary self-dual; more specifically (see subsection 2.2), it must be of type (2,1) and primitive with respect to the complex structure of the transverse space. Vanishing G (3) also gives type B solutions. Pure brane systems are of one or the other of these types: the D5-brane and NS5-brane are of type A, and the D3-brane and D7-brane are of type B. The type A solutions are closely related to the warped heterotic solutions found by Strominger [9] . The IIB form was discussed in ref. [10] . The Maldacena-Nuñez solution [11] is a notable AdS/CFT example of this type.
The type B solutions are dual to M theory solutions found by Becker and Becker [12, 13, 14] . In the M theory form the corresponding restriction on the supersymmetry spinor is that it have definite eight-dimensional chirality. The explicit IIB form was obtained in refs. [15, 16] for the special case of a constant dilaton. Such solutions have played an important role in gauge/gravity duality. The N = 1 fractional brane solution [17] is of this form, as well as its N = 2 generalization [18, 19] .
In general, the type B solutions allow a holomorphic dilaton. We find these solutions in section 2.2. The various branes in our system -D7-branes and whole and fractional D3-branes -all preserve supersymmetries of type B. Moreover, the supersymmetries preserved by the different branes have a nontrivial intersection, which is the N = 2 of the whole system. Thus these solutions are the relevant ones.
Finally, we should note that there are interesting solutions which are of neither special form. A D3/D5 bound state will interpolate between type A at short distance and type B at long distance. Also, the G (3) flux corresponding to an N = 1 or N = 2 mass perturbation of the N = 4 gauge theory is of neither type, as one can see from the explicit expressions in section III.C of ref. [20] . Full solutions are known only for a few special states in the mass-perturbed theory [21] . In ref. [20] an approximate solution was found, whose supersymmetry was verified in ref. [15] . This approximation is valid over most of parameter space, but it was emphasized that important physics occurs in regions where it breaks down.
Type B solutions
The solutions of type B could be obtained by duality [13, 14] from those of ref. [12] , but we have found that it is generally simpler to work directly in IIB variables. This section extends the results of refs. [15, 16] , which were obtained for constant τ .
We first review the relevant results from type IIB supergravity [22] . The massless bosonic fields of the type IIB superstring theory consist of the dilaton Φ, the metric tensor G M N and the antisymmetric 2-tensor B M N in the NS-NS sector, and the axion C, the 2-form potential C M N , and the four-form field C M N P Q with self-dual five-form field strength in the R-R sector. Their fermionic superpartners are a complex Weyl gravitino ψ M (Γ 10 ψ M = −ψ M ) and a complex Weyl dilatino λ (Γ 10 λ = λ). The theory has D = 10, N =2 supersymmetry with a complex chiral supersymmetry parameter ε (Γ 10 ε = −ε). The two scalars can be combined into a complex field τ = C + ie −φ ≡ τ 1 + iτ 2 which parameterizes the SL(2, R)/U (1) coset space.
We want to find backgrounds with four-dimensional Lorentz invariance that preserve some supersymmetry. Assuming that the background fermi fields vanish, we have to find a combination of the bosonic fields such that the supersymmetry variation of the fermionic fields is zero. The dilatino and gravitino variations are [22] 
Here G = 1 6 G M N P γ M N P , D M is the covariant derivative with respect to the metric g M N , and
The field strengths are
with A (2) complex and A (4) real.
We should note that the conventions used in supergravity are different from those usually used in string/brane actions, so for reference we give the relations. The complex potential is related to the NS-NS and R-R potentials by 7) and the associated fluxes are related by
and 4κF (5) = gF (5)s .
(2.9)
The subscript 's' denotes the usual string quantities, e.g. the R-R flux is F (3)s = dC (2) , the NS-NS flux is H (3)s = dB (2) , and the five-form flux is F (5)s = dC (4) +Chern-Simons. Define also
(2.10)
Note that supergravity equations are usually written in terms of κ and string/brane equations in terms of g, but these are related
The general Einstein metric and five-form background with four-dimensional Poincaré invariance is
We use subindices M, N, ... = 0, ..., 9; µ, ν = 0, 1, 2, 3; and m, n, ... = 4, .., 9. The warp factor Z, the potential h ≡ C 0123 , and the dilaton-axion τ depend only on the transverse x m . The factor of Z 1/2 is included in the definition of the transverse metric for convenience. For solutions of type B,
the terms proportional to ε and ε * in the SUSY variations are linearly independent and so must vanish separately. Equivalently, the terms independent of G (3) and those containing G (3) must vanish separately. Let us start with the former. First,
The spin connection is calculated for tangent space axesM parallel to the Cartesian coordinate axes M. The Poincaré supersymmetries are independent of x µ and and so the vanishing of δψ µ implies that
.
The variation of ψ m now takes the form
whereD m is the covariant derivative for ds 2 6 . Thus,
The connectionD m is therefore in U(3) and so ds 2 6 is complex and Kähler. As in Calabi-Yau compactification, if the first Chern class ofD m − i 2 Q m vanishes for a given metric, then there is a metric with the same Kähler class and complex structure such that a covariantly constantχ 1 exists. We introduce complex coordinates z i , where γīχ 1 = 0 ;
(2.20)
acting on χ 1 with γ i , γ ij , and γ ijk generate independent spinors. The final variation proportional to ε is that of the dilatino, whose vanishing implies
It follows that B, and so τ , is holomorphic. The vanishing of the ε * variations now implies
Expanding these in term of the independent spinors gives
In other words, G (3) is of type (2,1) and primitive, just as for a constant dilaton.
In addition the Bianchi identities must be satisfied. For the three-form flux these are simply
These of course translate into more complicated identities for G (3) or G (3)s . The five-form flux Bianchi identity implies that
3 Solutions with D7-branes
D7+D3-branes
As a warmup we consider D7-branes and D3-branes in a flat background, rederiving results obtained in ref. [3] . The D3-branes are extended along the µ-directions, and D7-branes along the noncompact µ-directions as well as the 4567-directions. From the discussion in the previous section, we can take any solution without D3branes (Z = 1, implying F (5) = 0) and introduce D3-branes through a nontrivial Z. Thus we describe first the D7-branes [23] . We will use the complex coordinates
The dilaton τ must be holomorphic, and in the given configuration it depends only on z.
The transverse metric is of the form
where ψ is to be determined in terms of the dilaton. Now consider the supersymmetry of this solution. For arbitrary holomorphic τ (z), the covariant constancy condition (2.19) becomes
whereω ab i is the Christoffel connection for the tilded metric. For the metric (3.2) these become ∂ 1χ1 = ∂ 2χ1 = ∂1χ 1 = ∂2χ 1 = 0 and
These are integrable provided
for arbitrary holomorphic γ(z).
Noting that 1 − BB * = 4τ 2 /|1 − iτ | 2 , the holomorphic part is determined by modular invariance [23] ,
where η is the Dedekind eta function and z i are the positions of the D7 branes. (To avoid clutter we have introduced dimensionless coordinates; to convert to the coordinates previously defined substitute z → z/r 0 where r 0 is some fixed reference distance.) For the purpose of the gauge/gravity duality we are interested in the local physics near N 7 D7-branes. In this limit
with z, z i ≪ 1. The constant could be absorbed into the argument of the logarithm, but it is convenient to keep it explicit. When z, z i ≪ 1 then τ 2 ≫ 1 and the metric simplifies to
Notice that we are contemplating an arbitrarily large number of D7-branes. The local form (3.8, 3.9) becomes singular at z ∼ 1, where τ 2 goes through zero. For N 7 ≤ 24, this local solution can be extended to a nonsingular global solution (3.7) . For N 7 > 24 there is no known nonsingular extension. Nevertheless, we will use this local solution and find that it gives sensible results at small z. It is an interesting question for the future, whether there is any physical realization of N 7 > 24 in string theory, and if not whether the use of this local solution in gauge/gravity duality is nonetheless justified.
The D3/D7 solution is now obtained by including a nontrivial Z. This is determined by the Bianchi identity:
As is well-known [24] , this cannot be solved exactly. In section 4 we will discuss some approximate features. Finally, let us ask for all supersymmetries of this solution. For a more general spinor ε ′ , the necessary conditions are first the vanishing of δψ µ , eq. (2.15), which implies that
so that χ ′ 1 = Z −1/8 e 4(γ−γ * ) η for any constant spinor η. Finally, the vanishing of δλ implies that γīP * i η = 0, and so γ3P * i η = 0. This has two solutions of the given chirality, η = η 0 and η = γ 12 η 0 . We can characterize these as the two spinors having definite chiralities in the 4567-and 89-directions,
Thus, as expected, this background has four complex or eight real supersymmetries, i.e. D = 4, N = 2. As shown in section 2.2, we can add three-form flux to the above solution provided that G (3) , or equivalently G (3)s , is (2, 1), primitive, and satisfies the appropriate Bianchi identity. The simplest solution of this form is
for any antiholomorphic g(z 3 ). The primitivity and (2, 1) properties are evident, and the Bianchi identity can readily be verified. For g = (z 3 ) k , this scales as a dimension 7 + k perturbation of the gauge theory [25] , and so does not affect the infrared physics.
D7+fractional D3-branes
From the study of gauge/gravity duals without D7-branes, we know that interesting gauge theories are obtained by taking a Z 2 orbifold and including fractional D3-branes on the fixed plane, corresponding to D5-branes wrapped on the collapsed 2-cycle. These duals are developed in refs. [26] . The full N = 2 supergravity solutions are given in refs. [18, 19] .
Our main focus will be to generalize these by the inclusion of D7-branes. We begin with a Z 2 orbifold of the D3/D7 solution. The Z 2 reflects the 4567-directions, so that the space transverse to the D3-branes is (R 4 /Z 2 ) × R 2 with the D7-branes filling the R 4 /Z 2 ALE space and at a point in the R 2 parameterized by z. This preserves N = 2 supersymmetry.
The D3/D7 solution survives in the orbifolded theory, provided that ρ 3 and therefore Z are invariant under the orbifolding, and this solution is our starting point. Then, as discussed in section 2.2, we can add three-form flux subject to the appropriate conditions. The new feature of the orbifolded theory is the existence of a zero-size two-sphere at the fixed point, which is associated with a harmonic 2-form ω (2) also localized at the fixed point. It is a standard property of ALE spaces that ω (2) is (1, 1) and primitive in the ALE space. Then, as in the case without D7-branes (our discussion and notation follow ref. [19] , except that the signs of B (2) and C (2) are reversed to agree with conventions used elsewhere), we take (2) .
(3.14)
Conversely, at each fixed z,
The Bianchi identity and primitivity condition are automatic. The condition that the (1, 2) part of G (3) , or equivalently of G (3)s , vanish is then
We have used dω (2) = 0. Thus θ is any holomorphic function,
Writing θ(z) = θ 1 + iθ 2 , the real and imaginary parts of θ = θ C − τ θ B imply that
The angles θ B and θ C are periodic with period 2π. A wrapped D5-brane couples magnetically to θ C and so θ has a branch cut θ ∼ ±2i ln(z − z 5 ) .
(
3.19)
Here z 5 is the D5-brane position, the upper/lower signs refer to D5/anti-D5, and the factor of 2 arises because the two-sphere has self-intersection number 2 (this discussed more generally in ref. [26] ). The combination θ is invariant under the SL(2, Z) monodromy of the D7-branes, but may still have branch cuts at the D7-branes arising from induced D5 charge. Consider then the Chern-Simons action for a D7-brane, whose relevant terms are
(there is also a curvature term that will be discussed shortly). Here 2πα ′ F (2) = 2πα ′ F (2) − B (2) . Using the form (3.14) and defining F (2) = Φω (2) , this becomes
In going from the first line to the second we have used properties that follow from Poincaré duality, specifically
for any closed 2-form α (2) . The 1 2 again arises from the self-intersection number of the S 2 . Recall that µ 5 = (2π) 2 α ′ µ 7 and µ 3 = (2π) 4 α ′2 µ 7 [27] , and that in the orbifold theory θ B = π [28] . It follows from the coupling to C (4) that for Φ = 0, the induced D3 charge is 1 16 . However, we must also include the curvature terms in the Chern-Simons action [29] . These make a contribution − 1 16 , because on the space K3 = T 4 /Z 2 the total induced charge is −1. Thus the net induced D3 charge on the wrapped D7-brane with Φ = 0 is zero. Similarly the induced D5 charge is − 1 4 times that of a wrapped D5. For Φ = 2π the induced D3 charge is again zero and the induced D5 charge is + 1 4 . These considerations suggest that
(3.23)
Here i runs over D7-branes, j over D5-branes and k over anti-D5 branes. The induced charges q 5i are ± 1 4 from the above discussion. Recall also that
The form (3.23) is not quite correct, as we must include the explicit orbifold background θ B = π, and so add −πτ to θ. The final result is
This is correct in any configuration in which all D5 charges cancel locally, as it then just gives the orbifold background θ B = π. It can then be verified for other configurations by moving the D5-and D7-branes around. Note that in the final result (3.25) the shifts in θ C around the D7-branes are properly quantized (multiples of 2π), whereas that did not hold for eq. (3.23). The D7/fractional-D3 system has the same N = 2 supersymmetry as the D7/D3 system. The orbifolding preserves supersymmetries (3.12) of positive 4567-chirality. The fractional brane flux is manifestly (2, 1) with respect to the complex structure defined by the spinor η 0 . It is also (2, 1) with respect to the complex structure defined by γ 12 η 0 : this is obtained by replacing z i ↔z i in the ALE directions, so ω (2) remains (1, 1) .
The 3-form flux now acts as an additional effective D3-brane source for the warp factor Z. The Bianchi identity (3.10) becomes
We have used the fact that ω pq ω pq = δ FP is a δ-function at the fixed point of the ALE space.
Probe actions
Regarding this as a 4-dimensional system, the D7-brane positions are fixed while the D5brane coordinates parameterize a moduli space of N 5 complex dimensions. The metric on this space can be computed both on the supergravity side and on the gauge theory side.
In this section we find the supergravity metric, and in the next we will compare it with the gauge theory metric.
To that end we consider the action for a probe D5-brane at the fixed plane, whose moduli space has one complex dimension. The relevant terms in the probe brane action are
where the metric G in the DBI action is in the string frame. The determinant splits into det G det(G ab +2πα ′ F ab ), where denotes the 0123 directions and a, b label the directions in the 2-cycle. If the probe is slowly moving with velocity v in the complex plane, then
We have used G Einstein = g 1/2 e −Φ/2 G string , as well as the form (2.12) and (3.2) for the Einstein metric. For the other determinant, det(G ab + 2πα ′ F ab ) = det(2πα ′ F ab ), since the 2-cycle is in the limit of zero area. Slightly blowing up this collapsing cycle so that it is a small 2-sphere, we get:
where S 2 F ab = 2πn is the quantized D-brane gauge flux. Combining (3.28) and (3.29) , the DBI Lagrangian density in the noncompact dimensions becomes
The potential C (6) is obtained from the seven-form field strength
The exterior derivative of the right-hand side vanishes by the IIB supergravity equations; in fact, this consistency condition determines the form of the Chern-Simons terms here. Inserting the type B form for the metric and C (4) , the right-hand side is proportional to Re( * 6 G (3)s − iG (3)s ), where * 6 denotes the dual in the transverse directions using the metric ds 2 . This combination vanishes as a consequence of the supersymmetry conditions, so for all type B solutions the coupling to C (6) is at most a constant in the action, which can be ignored. The Chern-Simons term, for a type B background, gives the Lagrangian density
As long as the induced D3 charge
is positive, this cancels the potential from the DBI action. The final result for the DBI Lagrangian density is
with T 3 = 4π 2 α ′ µ 5 /g being the D3-brane tension. This action has a simple interpretation: the inertial mass comes entirely from the induced D3-brane charge, with an additional factor of e ψ from the effect of the D7-branes on the metric. For anti-D5-branes the same result holds with q 3 replaced by n + 1 2π θ B . Recall that these branes are the correct degrees of freedom on the moduli space only for
Where the induced D3 charge becomes negative the 5-branes would no longer be BPS. The moduli space of 5-brane coordinates thus does not continue on into such a region but rather is joined onto the internal moduli space of the enhanced symmetry region defined by the curve where q 3 vanishes [30] . When the magnitude of the induced D3 charge exceeds unity, the 5-brane acquires additional moduli and can separate into elementary constituents in the range (3.35) [19] . Carrying out a similar expansion for the gauge field action yields an additional term
Finally, noting that e ψ = e −Φ = τ 2 in our solution, this becomes
where the plus (minus) corresponds to a D5 (anti-D5) brane. The kinetic and gauge terms have the same coefficient, implying that z is the N = 2 special coordinate. More generally, as in the F theory solution (3.7), e ψ /e −Φ is the modulus of a holomorphic function and the special coordinate is then a holomorphic function of z. For future reference we define τ 2,eff to be the coefficient of − 1 8π F µν F µν , hence The gauge theory dual to our supergravity solution is obtained from the open-string spectrum for D3-and D7-branes on the orbifold [31, 32] . The Z 2 reflection R acts on the D3 and D7 Chan-Paton degrees of freedom via matrices which in a diagonal basis will be of the form
where I N is the N × N identity matrix. The interpretation of γ R3 is well-known [33] . This basis represents half D3-branes trapped on the fixed plane. Geometrically, the positive eigenvalues correspond to wrapped D5-branes on the collapsed S 2 , and the negative eigenvalues to wrapped anti-D5-branes. Thus,
Each D5 carries one-half unit of D3 charge in the orbifold theory, so the D3 charge is one-half the number of D3 Chan-Paton indices (this is evident in a basis in which each D3-brane has an image); thus Q 3 = 1 2 N 3 = 1 2 (N 3 + + N 3 − ). We must similarly deduce the meaning of γ R7 . There is a natural guess, since we have seen in section 3.2 that the D7-brane has two ground states, with D5-charges ± 1 4 . Indeed, one can argue for this connection as follows. 2 The reflection R relates opposite points on a given D7-brane, so γ R7 represents a phase under a closed motion on R 4 /Z 2 . This phase is a D7 Wilson line around the fixed point and so should arise from a localized flux, which is just the degree of freedom distinguishing the two D7 states. To be precise, a disk bounded by the given closed motion intersects the collapsed S 2 once, so the integral of the flux on this disk is one-half of its integral on the collapsed S 2 , giving a phase difference of π between the two states.
In fact, the induced charge has already been calculated in ref. [34] , in T -dual 5-9 form, where the last line of eq. 3.30 shows that the induced charge carried by the D9-brane is − 1 4 of that carried by the D5-brane. So just as for D3-branes, the D7 Chan-Paton eigenvalue is related to the brane's D5 charge, though with a different proportionality: Chan-Paton eigenvalue ±1 corresponds to charge ∓ 1 4 .
The dynamical fields in D = 4 are obtained from the 3-3, 3-7 and 7-3 strings. The massless 3-3 spectrum is well-known to be a U(N 3 + ) × U(N 3 − ) gauge theory with two (N 3 + , N 3 − ) ⊕ (N 3 + , N 3 − ) hypermultiplets [35, 26] . The action of the orbifold on the 3-7 strings is:
where ψ is the oscillator state and i and j are the D3 and D7 Chan-Paton indices. In the Ramond sector, the fermionic zero-modes on the 3-7 strings come from the 23-and 89planes, so that the massless fermionic states are labeled by the corresponding helicities |s 1 , s 4 and the GSO projection sets s 1 = −s 4 . The reflection in the 4567-directions has no action on this state, so the orbifold projection amounts to γ R3,ii γ R7,jj = 1. Thus the 3-7 strings contribute N 7 + Weyl fermions of each chirality (from s 4 = ± 1 2 ) in the fundamental (N 3 + , 1) and N 7 − Weyl fermions of each chirality in the (1, N 3 − ). The 7-3 strings contribute the antiparticles of these. In the NS sector, states are labeled by the 4567 helicities |s 2 , s 3 and the GSO projection sets s 2 = s 3 . Supersymmetry requires bosonic partners for the fermions in the spectrum, so R must act trivially on the oscillator part of these bosonic states. This is so if R is defined as e iπ(s 2 −s 3 ) : this is the condition that the orbifold and D7/D3 supersymmetries be compatible.
In summary, the massless spectrum is an N = 2 gauge theory with vector multiplets :
Again, the superscripts ± refer to the action of the Z 2 on the D3 and D7 Chan-Paton factors.
The metric on moduli space
The Coulomb branch of moduli space is defined classically by the eigenvalues of the vector multiplet scalars φ andφ. φ = diag(a 1 , . . . , a N 3 + ) ,φ = diag(ã 1 , . . . ,ã N 3 − ) . Define similarly for the D7-brane positions
The moduli space metric is obtained from the N =2 prepotential F , whose perturbative form is
Here g 2 ± are the two classical gauge couplings, each equal to 8πg in the classical limit. The masses of the hypermultiplets in eq. (4.4) are respectively
(4.9)
The effective value of τ 2 , normalized as in eq. (3.38), is Im(F ′′ ), and represents the inverse of the effective coupling-squared for the U(N 3 + ) factor. To obtain the effective action for a D5-brane probe, increase the rank of the gauge group by one, adding in the field a 0 and extending the ranges in the sums. Then
(An uninteresting numerical constant has been absorbed into the definition of µ.) The moduli space is divided into regions which are separated by enhançon curves [30, 19] . Within each such region the supergravity calculation is supposed to match the appropriate perturbative description [36] , with a nonperturbative rearrangement of degrees of freedom when an enhançon is crossed. The perturbative orbifold corresponds to the range 0 < θ B 2π < 1, where eqs. (3.35) and (3.33) imply that the D5-brane probe corresponds to n = 1. Then eq. (3.38) gives
Inserting the results (3.24, 3.25) for τ and θ, one finds that the metrics do agree, where we identify µ = r 0 /2πα ′ (r 0 is the reference scale introduced below eq. (3.7)). The metric for an anti-D5 probe also agrees.
Discussion
Now let us consider the conditions under which the supergravity solution gives a good description of the theory. We first summarize the solution:
As discussed in section 2.1, there is a singularity in the dilaton at large radius, when ln r ∼ 2π/gN 7 . In order that the unknown physics of the singularity decouple we then need r ≪ e 2π/gN 7 . It will be convenient to make the slightly stronger assumption that
This inequality also implies that τ −1 2 ≪ 1 so that the theory is weakly coupled. In addition for a good supergravity dual the string metric must have curvature whose inertial components are small in string units [37] ,
A typical term in the curvature is of order
Although we cannot find the warp factor Z exactly, we can estimate it. For convenience we take all branes to be at the origin. The arguments of the logarithms are small and so the logarithms are slowly varying. One thus obtains a good estimate of Z at any position by treating τ and θ as constants. The unwarped metric is then flat, and Z satisfies an ordinary Laplace equation, so that the warp factor reduces to that for a D3-brane system. Thus,
5)
where Q 3 is the total 3-brane charge
Evaluating this on the plane z 1 = z 2 = 0, where it is greatest, we find
This has a simple interpretation: it is the condition for the usual AdS/CFT duality to be valid [1] , substituting the running values of Q 3 and τ . Thus we need The effective coupling is constant, as is already assured by the general agreement between the moduli space metrics as calculated in supergravity and the gauge theory. Note that we have here a conformal gauge theory even though the dilaton is nontrivial. Unfortunately Q 3 < ∼ N 7 and so we have not found a good dual. We will return to this issue shortly. The condition (5.8) is satisfied over a wide range of scales in the case of N D3 + -branes and N 7 ≪ N D7 + -branes. This gives a N = 2 SU(N) theory with a small amount of matter. However, there is a large negative β-function so the coupling quickly becomes strong, and so there is interesting dynamics only over a small range of scales with an enhançon [30] in the IR.
The one case where we obtain a useful dual is N 3 + ∼ N 3 − ≫ N 7 ± . This gives an approximately conformal SU(N 3 + ) × SU(N 3 − ) theory with bifundamental matter plus a small amount of fundamental matter.
This raises the interesting question: what is the dual to the conformal N = 2 SU(N) theory with fundamental matter, when the 't Hooft parameter gN is large? Let us see why our dual (5.10) fails. At r ≪ 1, τ 2 quickly becomes large, so the underlying string theory is weakly coupled. The reason that the gauge dynamics remains strongly coupled is that at the same time θ B rapidly approaches the value 2π at which the ALE space becomes singular. One could also try to obtain a dual description by starting with the dual to a product theory with bifundamental matter [26] and taking one gauge coupling to zero while holding the other fixed. The limit is again zero string coupling on a singular ALE space.
The problem of understanding weakly coupled string theory on a singular ALE space is a familiar one, and it has been argued that the correct effective description is obtained by T -duality on one of the angular directions of the ALE space, giving a IIA configuration with parallel NS5-branes [38] . With the inclusion of D3-and D7-branes on the IIB side one obtains D4-and D6-branes on the IIA side. Such configurations have of course been extensively considered [39] , and their T -duality to the IIB configurations discussed [40] . However, thus far they have been applied only to the moduli space dynamics. To obtain a complete dual to the large-N gauge theory one needs the full supergravity solution on the IIA side. There has been recent progress in this area [41] , and we hope to return to this point in future work.
